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Abstract
Space of states of PT symmetrical quantum mechanics (eigenfunctions of
Shro¨edinger equation) is examined. Requirement that eigenvalues are observ-
ables leads to the conclusion that eigenfunctions belong to the space with indef-
inite metric, which makes probabilistic interpretation impossible. If we require
that norm should be positively dened, it turns out that eigenvalues are not
observable.
PACS Numbers 03.065.Ca, 03.065.Db, 03.065.Ta
1
Recently, PT symmetrical (P is a space reflection and T is time reversal) quantum me-
chanics has attracted considerable attention. This is, to a large extent, initiated by Bender and
Bo¨etcher [1]. Using numerical methods and WKB analysis, they found only real eigenvalues
for the non Hermitian but PT symmetrical potential (ix)N . Further investigation using lin-
ear delta expansion [2], "exact WKB method" [3] and functional analysis [4] indicate that the
spectrum of Hamiltonian with V (x) = (ix)3 contains only real eigenvalues. Although the rigor-
ous mathematical proof of the conjecture that the spectrum of complex and PT symmetrical
Hamiltonian contains no complex eigenvalues [1] is still lacking, it is a reasonable question to
ask whether or not the Shro¨edinger equation with the complex and PT symmetrical potential
and with a purely real spectrum can correspond to a physically realizable conguration.
In this note , assuming that the spectrum of Hamiltonian under consideration is real , we
will pursue the problem of interpretation of PT symmetrical quantum mechanics. We consider
one dimensional case on a real line with θ symmetrical Hamiltonian H^ = −∂2x + V (x) with
θV (x)θ−1  V ?(−x) = V (x). Here, and in the following, we use star to denote complex
conjugation and θ denotes operation of PT transformation.
There is not much dierence in operator relations of quantum mechanics and of its θ sym-
metric counterpart. Firstly, fundamental commutation relations [x^, P^ ] = ih are invariant with
regard to θ transformations, like they are invariant under Hermitian conjugation for Hermi-
tian x^ and P^ (θ-invariance of the commutation relations was rst introduced in [5]). Also,
Heisenberg operator equations ih∂A^/∂t = [A^, H^] and ih∂A^/∂x = [A^, P^ ] are θ invariant when
θH^θ−1 = H^, θP^ θ−1 = P^ and θA^θ−1 = A^ like they are invariant under operation of Hermitian
conjugation for Hermitian A^, H^ and P^ .
Despite the similarity of operator equations, the space of states F on which θ symmetric
version of quantum mechanics can be realized, is not the Hilbert space of quantum mechanics.








ψ(x) = Eψ(x), (1)
with θV (x)θ−1  V ?(−x) = V (x) has only real eigenvalues which we treat as the energies
of corresponding states, i.e. we assume that H corresponds to some realizable dynamics and
ψα(x) describe vectors of the physical states labelled by energies Eα.
Considering motion on a real line R : −a  x  a we will impose the following boundary
conditions on the solutions of (1)1:
ψ(x)jR = 0, (2)
in other words ψ(a) = 0, resembling the bound state condition for a Hermitian case. We will
rather freely assume that convergence is not altered when a = 1 and usually refer to R as
to innite real line. Note that the well known feature of non degeneracy of a one dimensional
motion [7] is still retained: it is straightforward to show that if ψα(x) and ψβ(x) satisfy
1Boundary condition (2) can not be realized on a real axis for any potential, see [6].
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equation (1) and boundary condition (2) with the same eigenvalue, then ψα(x) = cψβ(x)
with c constant 2. From the non degeneracy it follows that when Im V = 0 the bound state
wave function is real: V ?(x) = V (x) together with the relation Im E = 0 implies that Re ψ(x)
and Im ψ(x) satisfy the same equation (1) what leads to Im ψ(x) = cRe ψ(x). Therefore
ψ(x) = (1+ ic)Re ψ(x) and wave function is real (within the accuracy of normalization factor).
When Im V 6= 0, the real and imaginary parts of ψ do not satisfy the same equation, so
it is not necessary that Re ψ(x) = cIm ψ(x): solution of (1) with θ invariant Hamiltonian,
satisfying condition (2), can be complex. Furthermore we will impose condition (2) on both
Re ψ and Im ψ. From the boundary condition (2) and non degeneracy it follows that bound
state wave function satises condition
θψ(x)  ψ?(−x) = eiωψ(x), (3)
i.e. ψ(x) is the eigenfunction of PT . The essential point here is that it is ψ?(−x), and not
ψ?(x), which satises equation (1).
To specify the space F 3 ψ we postulate that F is a linear space with the inner product
(ψjφ) dened so that
(ψjA^φ) = (θA^θ−1ψjφ) (4)
Relation (4) resembles the well-known denition of adjoint transformation in a Hilbert space [8].
Evidently, when A^ is θ symmetrical, we have (ψjA^φ) = (A^ψjφ) which resembles the well-known
denition of the self adjoint transformation in a Hilbert space [8].








Another way to arrive to expression (5) is as follows. Let both Sturm-Liouville operator H^
and eigenvalue E be invariant under the transformation O, i.e. let OH^(x)O−1 = H^(x) and
OE = E. Then, instead of starting from (4), one could postulate that the inner product in the





From (6) it follows that when Hamiltonian is Hermitian, i.e. when O is the operation of
complex conjugation, (6) leads to the familiar expression for the inner product in a Hilbert
space: (ψjφ)Herm  hψjφi = ∫R dxψ(x)φ?(x).
Let us consider two eigenvectors for θ symmetrical operator A^: A^ψα = aαψα, A^ψβ = aβψβ .
From (A^ψαjψβ) = aα(ψαjψβ) and (ψαjA^ψβ) = a?β(ψαjψβ) it follows
(aα − a?β)(ψαjψβ) = 0 (7)
2At this point it is not necessary for eigenvalue to be real.
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Let us call eigenvalues aα and aβ absolutely dierent if aα 6= aβ and aα 6= a?β . Thus, when
the scalar product in F is dened as in (5), the eigenstates of θ symmetrical operator with
absolutely dierent eigenvalues are orthogonal:
(ψαjψβ) = 0 (8)
Applying this result to a θ symmetrical Hamiltonian, it follows that two eigenfunctions ψα,
ψβ , corresponding to a two "dierent states" (let us recall that there is no degeneracy) with
Eα 6= Eβ, are orthogonal regard the scalar product (5). For a brevity we will refer to condition
(8) as to a "θ-orthogonality". It is straightforward to verify that the solutions of (1) with the
boundary condition (2) are θ-orthogonal, i.e. satisfy (8) for Eα 6= Eβ. Note that since ψ(x)
and ψ?(x) are not the simultaneous solutions of (1), the conventional scalar product does not
lead to the orthogonality of ψα and ψβ:





β(x) 6= 0, (9)
which is obvious if one considers (1) with V (x) = V ?(−x).
Naturally, one is tempt to treat expression (5) as the transition probability between the
two states characterized by the two vectors ψ and φ. This interpretation leads to a physically
satisfactory result (8) - the transition probability between states ψα and ψβ, labelled by the
values of measurable energy Eα 6= Eβ is zero, as it should be for a physical states (cf. e.g. [7]).
The remarkable feature of denition (5) is that the expression involving θ symmetrical
operator V , constructed in analogy with the expression for the average value3, has no imaginary
part:







Re ψ(x)Re ψ(−x) + Im ψ(x)Im ψ(−x)
]
Im V (x) +
[





As the another attractive aspect of denition (5) which is based on the fact that the solutions











3(10) can not be treated as an average value of operator V if ψ is not normalizable.
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Note that if we substitute ψ?(−x) by ψ?(x) in the denition of j(x), the conservation relation
(12) fails: θ symmetry of Hamiltonian dictates rmly that the conserved quantity should be
dened as bilinear form of ψ(x) and ψ?(−x).
When ψ(x) satises condition (3) it follows that in bound state j(x) vanishes:
jBound(x) = 0 (13)
Expressions (12) and (13) indicate that j(x), dened in (11), could serve as a probability current
density: j(x) is conserved, and jBound(x) = 0, as one would expect for the probability current
density [7].
So, dening scalar product in space F 3 ψ via relation (5), numerous physically satisfactory
results, quite similar to the results of conventional quantum mechanics can be recovered, and one
could think that it is possible to work out the interpretation of quantum mechanical problems
with PT symmetrical Hamiltonian.
Unfortunately, all the results listed above, which are obtained using denition (5), are not
sucient for satisfactory interpretation of PT symmetrical quantum mechanics. The contro-









Taking into account continuity consideration, limφ!ψ(ψjφ) = (ψjψ), expression (14) could be
posed as the probability of the transition from the state characterized by vector ψ into the
same state, and the physical requirement is that ψ should be normalizable:
(ψjψ) = 1 (15)
The integrand in (14) has a non zero imaginary part but since Im ρ(−x) = −Im ρ(x), we






Re ψ(x)Re ψ(−x) + Im ψ(x)Im ψ(−x)
)
, (16)
but the bilinear form (16) is not positively dened. Therefore, F is a linear space with indenite
metric, known in functional analysis as a Krein space [10]. Krein space is an example of space
provided with a seminorm, but not with a norm, i.e. from (ψjψ) = 0 it does not necessarily
follows that ψ = 0, and the norm kψk can be introduced only invoking the so called operator
of canonical symmetry J which is unitary and self adjoint [10]:
kψk2 = (ψjJψ) (17)
Using standard prescription for constructing operator J (and thus the norm in a Krein space)
[10] we nd that when the inner product is dened via (5), operator J is a space reflection:
Jψ(x) = ψ(−x) and the norm in F is
4Normalization relation (14) for a case θψ = ψ was introduced earlier in [9].
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kψk2 = (ψjJψ) =
∫
R
dxψ(x)ψ?(x)  0, kψk = 0 when ψ = 0 (18)
Expression (18) satises requirement of normalizability for vector ψ characterizing physical
state, but now orthogonality is lost - if we dene inner product in the space of solutions of
(1) according to (18), the vectors describing the states with dierent eigenvalues are no longer
orthogonal.
Therefore, if we consider PT symmetrical quantum mechanics as theory claiming to cor-
respond to any realizable physical system, we face the following dilemma: either probability
is positively dened, i.e. F is a Hilbert space and ψα and ψβ are not orthogonal, or F is
a Krein space, ψα and ψβ are orthogonal but state vector is not normalizable. We were not
able to satisfy simultaneously requirements of orthogonality and renormalizability, and both
of them are necessary for a satisfactory interpretation. Indeed, if there is no orthogonality,
transition probability from a state with E1 to a state with E2 is not zero which means that E is
not an observable, and if ψ is not normalizable, then the probabilistic interpretation becomes
impossible.
Switching to a speculative grounds, let us recall that the space of states with indenite
metric is not a stranger in physical theories: two well established examples are quantum elec-
trodynamics [11] and the exactly solvable eld theoretical model by T.D.Lee [12]. In these
theories indenite metric is parametrized (in Fock representation) by (−1)n, where n is a num-
ber of scalar photons (in quantum electrodynamics), or number of heavy fermions (Lee model).
The characteristic feature, common in both theories is that extra, non physical degrees freedom
can be gauged away by a physical requirement (in quantum electrodynamics photon has two
helicity states , in a Lee model heavy fermion acts as a non dynamical source, creating back-
ground static eld). As a result, the space of all (physical and non physical) states is reduced to
a space with positively dened metric for in and out states: (−1)n ! 1, and S matrix becomes
unitary. Factorization of physical and non physical degrees of freedom in quantum eld theory
reduces the space of all states to a subspace of physical states with positively dened metric.
Nonrelativistic quantum mechanics contains no "extra, non physical" degrees of freedom,
thus lacking this kind of opportunity to eliminate subspace with the non positive norm using
some subsidiary condition for a physical subspace. In general, the compete set of base vectors
in Hilbert spaces with an indenite metric consists of vectors with positive, as well as with non
positive norm [10]. Therefore, reduction of space of states can lead to a non compete set (the
problem of completeness for potentials ix3 and −x4 is discussed in [13]) which is undesirable.
Concluding, it is impossible to satisfy simultaneously requirements of orthogonality and
normalizability in θ symmetrical version of quantum mechanics. The evident possibility to give
a self consistent interpretation will be the proof that θ symmetrical quantum mechanics is the
nonrelativistic descendant of a particular eld theoretical model with the nontrivial space of
states, justifying the simultaneous existence of conditions of θ orthogonality (5) and normaliz-
ability (18). In other words, θ symmetrical version of quantum mechanics can not be considered
as independent and self consistent theory claiming to describe observable phenomena, unless
additional requirement, not contained in the framework of the theory, is invoked.
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